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Abstract

Darboux transformations and explicit solutions to Ablowitz—Ladik (AL)
equations with self-consistent sources (ALESCS) are studied. Based on the
Darboux transformation (DT) for the AL problem, we construct three types of
non-auto-Bicklund transformations connected with AL systems with different
numbers of sources. The degenerate cases of DT and their applications to the
reduced systems of ALESCS, for instance, discrete nonlinear Schrodinger with
self-consistent sources (D-NLSSCS) and discrete mKdV equation with self-
consistent sources (D-mKdVSCS), are discussed. Many types of solutions
of ALESCS, D-NLSSCS and D-mKdVSCS, including solitons, positons,
negatons can be derived from DTs and their degenerate cases.

PACS number: 02.30.1k
Mathematics Subject Classification: 37K60, (35A30, 35Q55, 37K10)

1. Introduction

Soliton equations with self-consistent sources (SESCS) have received much attention in recent
years. It was found that these types of equations have important applications in many fields of
physics. For example, the KdV equation with self-consistent sources represents the interaction
of wave packets of high-frequency waves with a low-frequency wave, which is closely related
to equations in plasma physics and hydrodynamics [1]. The KP equation with self-consistent
sources describes interaction of a long wave with complex short wave packets propagating
on the x—y plane [2, 3]. The nonlinear Schrodinger equation with self-consistent sources
describes the interaction of the laser beam with a plasma [4, 5]. While mathematically, it
turns out that SESCSs come out naturally from the constrained flows of soliton equations,
which are essentially symmetry reductions of soliton systems. This point of view leads to
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not only the systematic constructions of SESCSs and their Lax representations [6—10], but
also methods to construct explicit solutions. In the past few years, many SESCSs, including
several 1+1, 2+1, dispersionless and discrete 1+1 systems have been constructed [11-17],
various approaches for solving such system, for example, the inverse scattering method
[4, 18-20], d-method [21, 22], Darboux transformations (DT) [9, 14, 15, 23, 24], variable
separating methods [25], bilinear Bécklund transformations and Hirota bilinear method
[26, 27], hodograph transformations [16, 17], have been used. New approach also appears in
systematic construction of SESCSs. For example, very recently, Hu and his coworkers have
succeeded in generating SESCSs from the Hirota bilinear method [28].

Ablowitz—Ladik (AL) lattice is a very important difference-differential system which was
first introduced by M J Ablowitz and J F Ladik as the discrete counterpart of AKNS system
[29, 30]. The AL lattice and its reductions, such as discrete nonlinear Schrédinger equation
(D-NLS) and discrete mKdV equation (D-mKdV), have been studied intensively from both
mathematical and physical points of view. Several methods have been used such as IST [30],
Darboux transformations [31], Biacklund transformations [32] etc, to discuss their solutions.
However to the best of our knowledge, among many types of solutions, the positon and negaton
solutions have not been studied yet.

Positons are singular solutions in contrast with solitons which were first investigated by
V B Matveev [33]. For the KdV case, a positon solution is a slowly decreasing, oscillating
solution and has the so-called supertransparent property. The positon solution was constructed
by using the so-called generalized Darboux transformation. While negaton does not have
supertransparency but shares the same idea of generalization, they differ by different choices
of eigenvalues. From their expressions, it is easy to recognize since positon involves triangular
functions and polynomials in x while negaton involves hyperbolic functions and polynomials
in x.

In [13], the authors studied the constrained flows for AL as well as gave the discrete
zero curvature representations of Ablowitz—Ladik equations with self-consistent sources
(ALESCSs). However the solutions for ALESCSs or their reduced systems such as D-
NLS with self-consistent sources (D-NLSSCS) and D-mKdV with self-consistent sources
(D-mKdVSCS) have not been studied yet.

In this paper, we will study the solutions of the ALESCS as well as its reduced systems.
Based on DTs for AL system [31, 32], we construct three types of non-auto-Bicklund
transformations among ALESCSs with different number of sources. They are named modified
DTs (MDTs for short), which are roughly the variation of constants in ordinary DTs. They
are much straightforward for solving SESCSs than the binary DTs with arbitrary function of
time we used in [9, 23, 34]. We also deal with the multi-iteration formulae for MDTs and
a generalized MDT. Based on careful analyses of cases of reductions, the D-NLSSCS and
D-mKdVSCS are constructed and the generalized MDT for ALESCSs can be applied to D-
NLSSCS and D-mKdVSCS. Then we show that many types of solutions, including especially
positons and negatons can be constructed. As a by-product, solutions to original AL system
can be obtained as solutions to ALESCS with zero sources. So actually we covered both
problems we have mentioned in the last two paragraphs.

Our paper will be organized as follows. In section 2, we review briefly the construction
of AL system with self-consistent sources. In section 3, we discuss three types of MDTs for
ALESCSs and the multi-iteration formulae. In section 4, we give generalized MDT of type 1,
which is called GMDT 1. In section 5, we reduce the ALESCSs to the D-NLSSCS and
D-mKdVSCS and apply GMDT 1 to the reduced system. In section 6, we discuss various types
of solutions to ALESCSs, D-NLSSCS and D-mKdVSCS. In section 7, we give conclusions
and problems untouched in our paper.
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2. The AL hierarchy with self-consistent sources

We give a schematic introduction to Ablowitz—Ladik hierarchy with self-consistent sources
(ALHSCS). (See [13] for detail.)

2.1. The AL hierarchy
An AL equation (ALE) is given by

(D

Uz:V(l)U—UV, U=U(z, O,R) = ( < Q(n,t)>’

R(n,1t) 1/z
where for f = f(n), f) means f(n+1i) (n,i € Z). V is a polynomial of z and z~! with

matrices coefficients depending on @ and R”) (i € Z) such that (1) is compatible. The Lax
representation of (1) is

v =Uy, (2a)

v =V, (2b)
and the adjoint Lax representation is

¢V =U"9, (3a)

—¢=V'0. (3b)

where ¥ = (V' (n, z,1), ¥*(n, z,1))T and ¢ = (¢p'(n, z, 1), $*(n, z, ). (Hereafter we use
superscripts !, 2 etc for components of vectors.)

The compatible V is constructed in the following way. Consider the solution of discrete
stationary zero-curvature equation

vOu —uvy =0,

if we take V = A =Y (“ ")z, then
Aa() = —Ad() = 0, b,1 = b() = 0, C_1 =Cy= 0,
Aa,-+1 = —Ad,'+1 = QC,' — Rbi(l), (l 2 0)7

by = b,-(l,)l + Q(a,-(l) - di),
V= ci_1 + R(a,- — di(l)),

i+l =
where Af = f — f. Iftake V = B= Y72 (“ ")z,

Aaoz—Ad():O, b_l =b0=0, Cq =C0=0,

Adiyy = —Adiy = Qc}” — Rb;, (i >0),

bl = b+ 0(d —a).

Cit+1 = 6‘14(17)1 + R(di(l) — ai).
It can be proved that the whole series of a;, b;, ¢;, d; can be expressed in polynomials of Q®

and R¥ (i e Z) with some ‘integral’ constants in ¢; and d;. With out loss of generosity, we
can assume ag = 1, dy = —1 and the other constants vanish for i > 0, i.e.

(10 0 20\ , (—20RCY 0\
A‘(o —1>+<2R<—1> 0)Z +< 0 20RCD)E T

10 0 —20CD\ |, (=2RQV 0\,
B_(o —1>+(—2R o )5 o 2RQD )T T
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If we set
0 0
A, = n ns n — 2 s
n (Z A)>0+5 ) (0 —d2n> n 0
By = (z"B)<o+9 5, = (% © m >0
m = & <0 ms m — 0 0 = U.

Then the compatible V can be expressed as finite-term linear combinations

V=Y XA+ YuBn “)

for constants x, and y,,. We call the whole series of equations with such V the AL hierarchy.

Example 1 (some equations in AL hierarchy).
o The first nontrivial flow in AL hierarchy (ALFNF).

Let

V=V =4, 5)
then (1) reads

0:=201-0R)Q", R =-2(1-QRR"", 6)
which we call as ALFNF.

e Discrete nonlinear Schrodinger equation (D-NLS).

Let

V =V,:=i(Ao+ By — A1 — $By). (7)
under restrictions R = = Q* where * is the complex conjugation, (1) becomes

10, = Q"+ 07" 20 F2(QP(Q" + 07, ®)

which are the discrete version of nonlinear Schrodinger equations introduced in [29, 30].
e Discrete modified KdV equation (D-mKdV).

Let

V =Vs:=3(A — By, &)
under restrictions R = £, (1) becomes

0= (1F 00" -0, (10)

which are the discrete mKdV equations introduced in [29, 30].

2.2. General scheme for AL Hierarchy with self-consistent sources
The Hamiltonian formalism for (1) is
o\ SH/§Q (0 1
(R,)_(l ORK (8H/8R ’ k= -1 0)°

for corresponding Hamiltonian H (see [13]). Variation derivative of spectral parameter z holds

Sz %z _ a1 10
<8Q,8R>—(1/f¢,1/f¢),

where v and ¢ satisfy (2) and (3), respectively. We define constrained flows as a discrete
system for variables Q, R, ¥; and ¢;

3H_ZN:8z,- SH_ZSZi
8Q_i:l 50’ SR 4~ R’

vV = U@, oV =U@) ¢, i=1,...,N.
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Then the AL hierarchy with N self-consistent sources (ALHSCS) are differential-difference
systems which take above-constrained flows as their stationary systems:

o SH/8Q — 3 8z;/60Q
=({1-0RK 11
<Rz> (-en <8H/8R ~Y6z/5R)’ (Ha)

vV =UGWi, ¢ =U@) ¢, i=1,... N (11b)
The Lax representation for (11a) (under (115)) is given by

vV =U(z, 0, R)Y, (12q)
N

U = (wz, Q. R+ Xi) v, (12b)
i=1

where

1
Xi = Xz ¥ 90 =[S (5i67") + 9l 9" 71

2 =372 72 -37?
4 4 ’

Example 2 (the ALFNF with self-consistent sources (ALFNFSCS)). Let V = V; (see (5)),

then the compatibility of (12) gives ALFNFSCS

N N
Q= (1-0QR) <2Q<” -3 w}qﬁ) : R =—(1-QR) <2R<‘” -3 w?#) ,
i=1 i=1

S; = diag(z;, z), T; = diag (

(13a)
vV = U, oV =U@) ¢, i=1,...,N. (13b)

3. Darboux transformations for some equations in ALHSCSs

3.1. Darboux transformations for A-L isospectral problem

Based on [31] and [32], we can construct three types of DTs for AL isospectral problem.
Let D = D(z) be a 2 x 2 matrix such that U = DVUD~! has the same form as U. The
simplest Darboux matrix D has the form

-1
z+vz o
Dy = 14
! ( T uz+z1) ( )

where o, 7, u, v, Q, R and new potentials Q, R in U satisfy

0 =0D+200, R=7Y+uDR,

Q:0+uQ, R =r1+vR,

v +oDR =v+10, u+ 700 =y +0oR.

D) has two consistent reductions: if we impose u = 0 and o = Q in D, we find Darboux

matrix

—1

Z+ vz

Dy = ( Ql>, (15)
T Z
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where 7, v, O, R and new potentials Q R satisfy

Q — Q(l) + v“)Q, R = ‘L’(l),

R=1+vR, v+ 0OR =v+10.
If we impose v = 0 and t = R in D, we find another Darboux matrix

z o
D3 = , 16
3 (R uz + z‘l) (16)

where o, u, Q, R and new potentials O, R satisfy
0=0",
Q=0+ uQ,

We show the Darboux transformations for (2) as follows.

R=10+ubR,
u® + V0 =u+oR.

Proposition 1. If h; = ¥ (¢;) are eigenfunctions for Lax pair (2) with z = §; (j = 1,2),
(hereafter we restrict our attention to V.= V,,m = 1,2,3, see example 1) , then
U=U(Q,R,2),V=V,(0,R,2) andlﬁ = D;r give new solutions to (2). Hence Q, R are

new solutions to (1). Here are the detailed Darboux transformations:

e DT I:
0=cV+v00,  Ret+udR,
hi/c hig /o hig
hy/o hye . "3/0 h3t
oi=— =—
hi/¢ hi hi  hit
hy/o h3 hy  hig
hi W/ ha B
hy  h3/% he
u .= — . = B
JIREIS nlye w? (17)
hy  hig hy/e h3
— =T
vz vzt et vk v
IV SU T SV hy i R/
7 =Dy R/6 By &hl hy B B3/
pr— 1 =
hi/on by by ki
hy/cy k3 hy  h3t
e DT 2:
O = 00 +000, Ro= 1,
2 2
B S
- 1° - 1 1 ’
Clhl h1
wl(l) h{(l) wz(l) h%(l)
=D . vz b/ ¥l hi
w - ZW h] k] hl
1/;1 1
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e DT 3:
0:=0®,  R:=RV4+uOR,
h! ht
hy &ihy
1‘[/1(1) h%(l) ]//2(1) h?(l)
‘p Dy ¥? n Vi hig
= 3 = 2 ) 2
hi hit

Remark 1. In [31], the author considered Darboux matrix for the Ablowitz—Ladik isospectral
problem with four potentials which is essentially equivalent to the first Darboux matrix in our
case. In [32], Bicklund transformations were studied for Ablowitz—Ladik hierarchy with two
potentials, the corresponding transformation matrices they studied are similar to the second
and third Darboux matrices, whereas the explicit form of DT of the second and third types are
missed in the literature.

Proof. The proof of DT 1 can be found in [31]. DT 2, DT 3 can be proved by straightforward
calculations. ]

3.2. Darboux transformations for equations in ALHSCS

Proposition 2 (Darboux transformations for ALESCS). Suppose h; :== ¥ (n,t,¢;) (j =1,2)
satisfy Lax pair (12) with z = £;, V = V,, (m = 1,2, 3). If we define A+ := (A=) for
2 x 2 matrix A, then Q R and 1/7 determined by DT k (k = 1, 2, 3) as well as

Vi = Dr(z) Vi, b := Dif (z) i, i=1,...,N
satisfy again (12) and (11b). Hence we get a new solution to (11).

Proof. By straightforward calculation. ]

Remark 2. We should mention that it is difficult to obtain non-trivial solutions to ALESCS
from Q = R =0, ¥; = ¢; = 0 by proposition 2.

So we need ‘modified’ DT 1, 2, 3 which is stated in the next subsection.

3.3. Non-auto-Bdcklund transformations between ALE with different numbers of sources

Suppose there are two pairs of eigenfunctions of (12): f; := f(n,t,¢;) and g; := g(n,1, ;)
(j = 1,2), then proposition 2 still holds if we make use of 1; = f; +«;g; («; is a constant)
in it. Since the expressions of DT 1 (DT 2, DT 3) do not involve partial derivatives about ¢,
it is easy to see if o is substituted by function «(¢), the corresponding new variables satisfy
(12a) and (11b) as well. For (12b), new terms containing % will appear on the left-hand side.
Thus new terms must be added on the right-hand side to make it still an equality. The new
adding term can be well expressed in terms of new self-consistent sources and we get (12)
with new variables and N +2 (N + 1, respectively) self-consistent sources. Hereafter we call
such modifications of DT 1 (DT 2, DT 3) with arbitrary function of time the MDT 1 (MDT 2,
MDT 3).
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Theorem 1 (MDT 1 (MDT 2, MDT 3) for ALESCS). Suppose f; := f(n,t,¢;),g; =
g(n,t,¢;) are independent eigenfunctions for (12), o(t) are arbitrary functions of time
for j = 1,2 (j = 1 respectively). Applying DT 1 (DT 2, DT 3 respectively) with
hj = fj+a;(t)g;, we get new solution to (12) with N increases to N +2 (N + 1 respectively),
namely Q, R, 1}, &i,éi (i = 1,...,N) and the following 1/}N+j,q§N+j with zyyj =
(j =1,2(or j = 1)) together satisfy (12), (11b) and hence (11a).

e For DT I:
Un+j = Di(E) f,
2 2 o)
~ oil< §~ 8j .
¢ -=—’[—’D%z)} K(—) , j=12
N+j o 72 ! =t det(f;, g;)
e For DT 2:
Vel = Da(81) fi,
; 2 2 (1)
. o |27 —=87 1 ] ( 81 >
= — D5 (2) K(\—— .
28 o [ 2 2 = \det(fi, g1)
e For DT 3:

U = D3(81) fi,

S r2 2
e = A [%Df(z)]
o Z

81 o
“(atiom)
=q  \det(f1, g1)

where K = (Pl (1))

Proof. By straightforward calculation. ]

Remark 3. The ‘variation of constant’ is a well-known method for solving non-homogeneous
linear ODEs. Here we apply ‘variation of constant’ to Darboux transformations with
resemblance that varying «; to o;(¢) will add new sources (non-homogeneous terms) to
the corresponding nonlinear differential-difference system.

Theorem 1 establishes non-auto-Bécklund transformations from ALESCSs with N to
N +2 (N + 1 respectively) self-consistent sources.

3.4. Formulae of multi-iteration for MDT of types 1 and 2 and 3

For /-time iteration of MDT 1, to simplify the expression we define some notations. Suppose
h = (h'(¢), h*(¢))T, define 2I-dimensional vectors

AZl(hv é.) = (l’l]é‘_l, hl{Z—l’ ...... hl;l—Z, h2§.]—l, h2§3_1, ..... h2é.l—l)T’
BZl(h’ é.) = (hlé.fl’ hlé.Z—l’ ......... hlé.l’ h2§371’ h2§57l’ L. hZ;.lfl)T’

CZI(hv {) = (hlgl, hl;Z—l’ h1€.471’ . hl;l*Z’ hzé.l—l’ h2§371’ ______ h2€.171)T’
DZ/(hv é-) = (hlé-_l, hlg.Z—l’ . h1§1_4, hZC—l—l’ th.l—l7 ......... hZZZ—I)T’
EZZ(hy é.) = (hlg‘_l, hl;Z—I’ ...... h]gl—Z’ hzé‘]_l, h2§3_l, . h2§1_3, hZ{—l—l)T,

and (2 + 1)-dimensional vectors

Xorr(h, £) i= (h'E!, h'¢™ ' YR e kT
T S I (e S S N S/ S (o) SRR (S L
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For vectors h; = (h}(;“j),h?(g“j))T for j = 1,...,2l and ¥ = (¥'(2), ¥2(z))7, define
determinants

All] := det(Ay(h1, 1), ..., Ay(har, $n)),
and B[l], ..., E[!] are defined by substituting letter A by B, ..., E.

X[N() = det(Xo1 (¥, 2), Xor1 (1, 81), - o, Xopa (B, $21)),
and Y [/](¥) is defined by substituting X by Y.
Theorem 2 (multi-iteration of MDT 1). Let f;, g; be independent eigenfunctions to (12)

(for V.= Vi, k =1,2,3)withz =¢;, (j = 1,...,2l). Let a;(t) be arbitrary functions,
h; = f;j+ajg;. Then l-iteration of MDT I reads

_ B[l](l) C[l](l) B D[l](l) E[l](l)

Ol =~ — Qo R =~~~ Rama (18a)
(X&) wY W)\ o

w,-m—< AU Al ) : i=1,....N, (18b)

2 ke xike M\
oilll = —— & L2 - " , (18¢)
[T (27 = ¢7) E[l] E[l]

o (XINGH) GYIGD .

1/,N+][l] - < A[l] ’ A[l] ) ) .] - 17"'5215 (lgd)

A=24 o, . . A\ DT
drasll] = — & e/ i 2(;,Y[l]<g_,)’_xwg,>> ’ 13¢)
det(f7, 8V [li<ivj<u (fj -&) Ell] ETl]

(18) gives a new solution to (11) with Q[l]1, R[I] and ;[l], ¢;[l] corresponding to z;
(i=1,...,N), new sources Yni;[l], dn+;[l] corresponding to znr;j = ¢; (j =1, ..., 21).

Proof. The formula for multi-iteration of DT for 4-potential A-L equations was proved in
[31]. Here we describe briefly how to give proof in our case (with source terms).

The [-iteration makes use of [ pairs of vectors {hy;_1, hy;}. It is easy to see if the jth
Darboux matrix is denoted by D;[j — 1] : U[j — 1] — U[j], then

Uljl="Dilj — NVUL — D[ — 117!
= (Dilj — UDy[j —21---D)PUD;[j — UD[j —2]---Dy) "

Denoting by D, (I) = Di[l — 1]1D;[l — 2] --- Dy, Di(l) can be written as

[—1 i— -1 i+1—
DN SRS L T S
D) =

(19)
-1 2j+1-1 -1 2j+2—1 —1
Zj:o T2j+1-1277 Z_,':() uzjs17°7 +z

with coefficients vy;_;, 02111, T2j+1-1, U2j+2—; to be determined later. By virtue of Darboux
transformation, it is easy to see D (l)|Z:;jh‘,~ =0for j =1,2,...,2l. So the coefficients
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satisfy the following linear equation system:

Vg T1-1
V2 T3-1
1 12
Ay (hy, )T : gyhy Ay (hy, )T : ¢
T : . ’ .
AZI (hz, 52) v | . A2l (hZ» CZ)T T—1 _
: o | : ’ ury | . ’
Ag(hay, 0)T) | 3 oohy, Ag(hoy, 0)T) | 14 oy 'h%l
011 u;

and can be solved by the Cramer rule. By comparing the coefficients of z" and z7" in

the equation D;(1)"U = U[I]D;(I) we find (18a). The [-iteration formulae for arbitrary

eigenfunction ¥; w.r.t. eigenvalue z; is ¥;[/] = D;(l)|.=;,¥;, which is (18b) by making use

of Laplace expansion of determinant. Formulae for arbitrary adjoint eigenfunction w.r.t. z;

is ¢i[l] = Di()*|.=;,¢i. Since DD+ = (DO~ = (D))" /det D, (1),

we have to calculate det D; (/). Note that each detD;[j] = ao(z* + 2% + az)/z2 for some

coefficients ag, a; and a,. Then according to the definition of D, (/) and (19), we have
det Dy () = u P(z%) /2%, deg P(z) = 2I.

Because ¢;, j =1, ..., 2l are zeros for det D (/), itis easy to see P(z?) = ]_[121=1 (zz—g'iz). Thus
(18c¢) can be obtained by Laplace expansion analogously. Formulae (18d) and (18e) are proved
by noticing that f; and K (g;/det(f;, g;))'" are eigenfunctions and adjoint eigenfunctions
w.r.t. eigenvalue ¢;. O

For [-iteration of MDT 2, define

Aoy =" Ve WP e e,

Bl+l(h, é-) = (hZ(l), hl(lfl)’ hl(liz)/é, . hl/é‘[_l)T’
-1

Apy =diag | [Ja = oR)Y, ]_[(1 OR)),...,(1—QR), 1

Jj=0 j=0
Let

All] := det(A;(hy, ¢1)s - - -5 Ay(hy, &),

Alll(Y) = det(Ar1 (¥, 2), A1 (1, 80 - o A (B, §),

ANW) = det(A A (W, 2), A (hi, §)s - A (he, §),
and B[l], B[l](y) and B[l](lﬂ) are defined by substituting ‘A’ by ‘B’.

Theorem 3 (/-iteration of MDT 2). Let f;, g; be independent eigenfunctions to (12) with
z=¢jfor j=1,...,1. Let aj(t) be arbitrary functions, h; = f; + o ;g;. Then formulae

l

A[l](l) A[l]A[1]®
olll= —l—[fi B[l]“) — OR )Hfz AL B0 (20a)

i=

B[]V
R[] = _A[l](l)/ngi, (20b)
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T
(A TTi & BIW) o
villl = < ALl AT , i=1,...,N (20¢)
mT
R Dy A -y I
gl = - = Bm(K(ff) )’—A[l](K?{) Me| (20d)
M= (27 —¢7) A[l] All] i
T
o (AU Tz & B .
wm,[l]—( ALl Al , j=1,...,1 (20e)
. _ mT
b 11] aj/a;- ¢ Tlie & Blllg)  Alllg) 1" 0f)
Y det(f/’vgj)(l)nlgi;ejgl (gjz_giz) A[l]® ’ A[l® =1 ’ 7

give a new solution to (11)with Q[I1, R[l] and ¥;[1], ¢:[!] correspondingtoz; (i =1,..., N),
new sources Yy ;ll], ¢n+jll] corresponding to zy+j = ¢; (j =1,...,1).

Proof. Due to the obscurity of /-iteration Darboux matrix D;(7), similar argument as MDT 1
cannot be applied to this case. We use induction. Firstly if (I — 1)-iteration of ¥; and i;[l — 1]
satisfy (20c) then it can be proved that /-iteration of eigenfunction ; satisfies (20c).

Let D,[l — 1] be the Darboux matrix (15) with coefficient v[l — 1], Q[ — 1] and t[l — 1].
Set i;[l — 1] to be the [-iteration of eigenfunction i; w.r.t. §;. Since Do [l — 1]|,—;, [l — 1] = 0,
we have [l — 1] = —l=1L Then R[/] = t[/ — 1]V which is (20b).

Q[!] is obtained by the aid of detU[l] = 1 — Q[IIR[I]. Since U[l] = (D:[l —
11--- D [0DPU(Ds[I — 1] - - - D,[0]) ™", to determine det U[I], we must determine det D[ ]
first. By virtue of (15) and the fact detD[j]|, = 0 we have detD,[j] = (1 —

L]
h}'+f[j]§f+l
that hj,[ j] satisfies h 1 [j1V = U[j]l:=¢,., hj+1[j]1, we have

nt, 11 Alj + 11D A[]
2 M+l — (2 _ 2 2 J J
Coanam ~ E G A g

:C/'H

oljlzljD (z2 - é’jzﬂ)/zz. Inserting the expression t[j] = — into det D, [ j], recalling

detDs[j] = (2~ ¢%,)/

and trivially det D,[0] = (22 — ¢2)/ zz%. Substituting all into det U[/] it is easy to find
1
AP AL
detU[l]=1—-Q[lIR[l]=(1—- QR)—————.
etU[!] QUIRI]=(1 -0 )(A[l](‘))2

Then (20a) obtains.

The [-iteration of adjoint eigenfunction (20d) can be worked out as follows.

Suppose @ is the fundamental solution (2 x 2 matrix) to (3a) w.r.t. z, then ®F :=
(@~HEMT is a fundamental solution to (2a). By the obvious relation ®[/]* = ®[I], we
can give the explicit formula of ®[/].

Suppose ® = (¢’, ¢), d* = W(Kd)(_l), —K¢'~1). Then the first column of ®*[]is
given by

det(Ap1 At (KD, 2), At (B, S0 ooy At (e, ) TG
e 1 det(A;(h1, &),y ooy Ar(hy, &)
det d-D det(A 1 Bie1 (K¢, 2), Bea(hy, Q1), ... Biei(hy, &)
det(A;(h1, ¢, ooy A(hy, &)
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. P Ty (=1) — s .
Since Q[I]* = (((dq;t[g[)”))(,l) =7 détng [(l[]) L){(fﬁ EQ: 50> €qualling the first column we get (20d).
Then (20¢) and (20 f) are obtained like (20¢) and (20d). O

Remark 4. The /-iteration formulae for MDT 3 can be worked out analogously.

4. Generalized MDT of type 1

It is known that positon and negaton, see [35, 36], can be derived from Darboux transformation
with double eigenvalues. We present the generalized MDT 1 (GMDT 1) to deal with double
or multiple eigenvalues. By this means the positon, negaton solutions for ALESCS can be
obtained. Based on (18) the GMDT 1 is established by considering limit procedures during
which the eigenvalues tend to be the same. We should mention that in (18¢), the coefficient
]_[1< i£j <2 (Cf — §i2)71 will be singular. To overcome this, the coefficient o () must be chosen
carefully. Here we choose o (¢) = exp(£2;b;(t)) where ; is used to cancel this singularity.

Lemma 1. Let X; = X (¢) and X, = X,(¢) be n-dimensional vectors depending on
parameter ¢ analytically. Let §; = ¢ + ew;, (w; € C,i = 1,...,m,m < n) be distinct
constants. Let b; = b;(t) be arbitrary functions of t. Let Q; = m ngi;&jgm & — &).
Then the determinant of an n x n matrix (We assume last (n — m) columns are independent
of € and hence omit them.)

det(X1(¢) + e X2 (81, .oy X1 (&) + €M Xa(G)s oy )
has the following leading term when € < 1

i iem(@j — @) =
hicjon(@i =) X 0 X, 00X T X Y biXa, e

1e(m—1)! P
where X := X1(¢) + X2(¢).
Proof. By use the Taylor expansion of X ate = 0. ]

Hereafter ¢; (i = 1, ..., p) will be simple eigenvalues, corresponding to eigenfunctions
F;, G; of (12) (with V = Vi, k = 1,2,3). Let H; = F; + «;(t)G;. Complex numbers &;
(i =1,...,q) denote eigenvalues corresponding to eigenfunctions f; and g;. Leth; = fi+g;.
Denote B; (i = 1,...,¢q) which are arbitrary functions that we will use in the following.
We call an eigenvalue &; has the multiplicity m; > 2, if there are w;; (j = 1,...,m;)
and eigenvalues &;; = & + ew;;, such that &;; are simple eigenvalues for eigenfunctions
fij = fi(&;) and g;; = gi(&;) of (12) when € # 0. Let m := (my,...,m,) be an array
denoting the multiplicities. Note jm| = Z‘;:I m . Suppose p + |m| = 2/ for some integer /.

To be convenient, we define some notions. Let A[p, m] be
Alp,m] = det (Ay(Hy, &1), ..., Au(Hp, $p),

Aoi(hy, &), 0g, Ao (hy, &), ..., 3;“_11421(}11, &)+ Bi1Ay (g1, 61),

mg—1
Aoi(hg. §q), O, Ani(hg, &), - 0, " Anlhg. &) + By Au(gq. £,)).
B[p,m], ..., E[p, m] is defined similarly by replacing letter A with B, ..., E. Let

X[p, m](y) = det (X21+1(1ﬂ, 2), Xop1 (Hy, 61, -0 Xop (Hp, 8)p),
Xore1 (h1, &), g X1 (h1, €0, - 00 Xorer (h1, &) + B X (81, €1,

Xors1(hg, §), 0, Xorn1 (hg, §g), - -, 3;:"_1)(21“(’14, ) + By Xo1(84.60))-
Y[p, m](¥) are defined similarly by replacing the letter X by Y.



On the AL equations with self-consistent sources 8777

Theorem 4 (GMDT 1). Recalled that H; with ¢; fori = 1, ..., p, h; with & of multiplicity
m; fori =1,...,q, the following l-iteration of GMDT 1
_Blp,m"" C[p,m]"V
m] = 21
Ol == m® ~ @A, mp Gl

D[p, m]? E[p,m]"

Rl = =m0~ XAy, mio @10
Yilp.m] = (X[f[’:i:]/”'),z,- YZ’E;']IS]”")Y, 1<i<N 210)
éilp, m] = & (Z"Y[l’é‘[‘;j’(i]ff’f”)’ _X[P;[ll(’lzfn))(l) Q1d)
Unss[p, m] = <X[j[’;11(jj), g"YZ]’:ﬂ(]FS)Y 1<s<p, (21e)
bt~ S (Lm0 Mm@ ey
Unspr[p, m] = (XZ)[’;:J’), ErYfEﬁ;’mn]éfr))T 1<r<gq, (21g)
bt = ~geed (Spte, Xpme)"

where
_ 2
Si= 2 2 2 2\"r
. iy — 5 —
RN Irx
H1<s<p( i ;V)l_[l<r<q ( i 5,)
;2[—2
= s
SN4s = e
[licimey (62 = &) Tlicreq (87 = 82)
5217'11,71
EN+p+r =

Micicy (€ =) Ticjmrey (€2 — &) 727~ (m, — 1)!

give a new solution to (11) with new sources Yys[p, ml, dn+s[p, m] corresponding to

Ives = & (s = 1, ..., p) and Ynyper[p, M), dniper[p, m] corresponding to zysper = &,
r=1,...,9).

Proof. For /-iteration of MDT 1 (18), we have 2/ eigenfunctions, including H; = F; + «; G;
(i=1,....,p)wrt. & and h; ; = f; ; + €%l g, . with respect to eigenvalues &; = & +
ewlj(lzl g, =1,000,my). Lethj_MLw dﬁl Z]<}<ml i j+
Let ¢; — 0 by using lemma 1 Note that sources terms obtained by the limit of (18¢) w.r.t. &;
differ only by scalar multiplications. Thus summing up these terms we get (214). (]

5. Reduced GMDT 1 for D-NLS, D-mKdV with self-consistent sources

5.1. Reduction from ALESCS to D-NLSSCS and D-mKdVSCS

The Lax equations (12) and corresponding systems admit the following reductions Hereafter

J = (l 0) and ¢ = £1. With these constraints, the corresponding systems can be
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Table 1. Reduction conditions.

Reduced system D-NLSSCS D-mKdVSCS

t-part matrix V=W V=V

Constraints on potential R = ¢Q* R=¢Q

The number of sources N =2m N =2m

Constraints on sources J://é‘];l = Vn; JYj—1 = VY2
I3,y =—d2j  JId2j—1 = —¢2;
1/25,_ =225 V/z2j—1 = 22

Table 2. Constraints on eigenfunctions.

D-NLSSCS  D-mKdVSCS

f=Jf f=Jh
g =Jg} £ =Jg
ar =af o = o

L =1/¢¢ L =1/4

e D-NLSSCS:
i0i=0—-¢0P) | 0V +0"" —i) (vig7 —eyi'o)) | 20, (22a)
j=1
1//‘1(.1) = U(Zj)‘(/fj, ¢§'71) :U(ZJ)T¢], J = 1,...,m, (22b)
e D-mKdVSCS:
Q=01-e0) 0" -0V =" (vig? —eyig)) |. (23a)
j=1
v = U@y, oV =U@) ¢, =1 23b
;= DI ;= i) 9, j=1...,m. (23D)

The Lax representations of D-NLSSCS and D-mKdVSCS are (12) with corresponding
constraints.

5.2. Reduced MDT 1 for D-NLSSCS and D-mKdVSCS

Proposition 3. (reduced MDT 1 for D-NLSSCS and D-mKdVSCS) Suppose f\ and g, are
eigenfunctions of D-NLSSCS’ (D-mKdVSCS’) Lax pair with eigenvalue ¢;. Then f, and g,
listed in table 2 are eigenfunctions of D-NLSSCS’ (D-mKdVSCS’) Lax pair with eigenvalue ¢ .
Leth; = fi+a;g; (i = 1,2), then theorem I gives new solutions to D-NLSSCS (D-mKdVSCS).

Proof. The first statement can be verified by straightforward calculation. According to
theorem 1, the ‘DT ed variables are solutions to the un-reduced system. It is sufficient to show
that new variables satisfy the constraints in table 1. For instance, since h, = Jh7, & = 1/¢],
we have e0* = 7,v* = u and u/v = ¢;?/¢} in (17). Then conclusion can be drawn easily
for D-NLSSCS. O

Remark 5. By virtue of Darboux transformation, it is easy to see that /-iteration formulae
(18) of reduced MDT 1 for D-NLSSCS and D-mKdVSCS, {51, gi—1, %2i—1, {2i—1} and
{ foi, 82is @2i, £2i} (@ = 1, ..., 1) should satisfy constraints in table 2.
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5.3. Reduced GMDT 1 for D-NLSSCS

The GMDT 1 is useful for degenerate solutions. However, The degenerate patterns are more
complicated for reduced systems than the un-reduced systems. Let us discuss the degenerate
pattern for D-NLSSCS first.

Assume |¢| = 1 and the fundamental solution for D-NLSSCS’s Lax pair is defined by
D) =(f(),g()). Then ®(¢) := JP(¢)* is also a fundamental solution to D-NLSSCS’s
Lax pair with eigenvalue ¢ := 1/¢* = ¢. Thus ®(¢)' = ®(¢)P(¢) must hold for some
non-singular 2 x 2 matrix P(¢). If P(¢) has A(f) as its eigenvalue, then it is possible to
construct 1(¢) = f(¢) +a(t)g(¢) such that ' and 4 are linear dependent, which is a case we
must deal with in discussing the degeneration of multi-iteration of MDT 1 for D-NLSSCS. In
fact, this is a very important case from which the positon solution is derived.

For simplicity, we only discuss m-iteration of MDT 1 with ¢ an eigenvalue of multiplicity
m. The general case can be found analogously. Suppose f; = f(¢;),g; = g(¢;) are
independent eigenfunctions for D-NLSSCS’s Lax pair with eigenvalue {j = ¢ +ewj. Let
f; = Jf;‘,gj. =Jgj hj= fj+lebfgj,hl'. =Jh} = fj'."+e J ng h:=f+g, hf = fl+gt.
Then there are two different cases.

Case 1. |¢]| # 1 or|¢| = 1 but At and h are linearly independent, in this case we can define

Q= % Thus, {h;, ¢;} and {hj, §;} fall into two different groups of multiplicities

m. We call ¢ and ¢ are both eigenvalues of multiplicities .

Case 2. |¢| = 1 and h()! = A, 0h(). In this case, we must define €; =

Hj#i({i_(gi;flllﬁl(;‘_{’ by o= fy+e¥hig; All by, h', fall into one group of multiplicity 2m

when € — 0. This is a much complicated case, in which we deal with a sub-case, where
h()" = Ah(¢?) for all ¢ € C and A does not depend on ¢. In this case, we call ¢ is an
eigenvalue of multiplicity n = 2m.

We have the following lemma (for e.g. we use Ay, (I, ¢)).

Lemma 2. The leading term of determinant
det (A2m(f1» gl) + teb1A2m(gl7 é’])a KRN} A2m(fm7 é-m) + egmbmAZm(gma ;m)’
A2m (f;[a §1T) + eQTbTAZm (817 é-;(), A2m (fms é‘m) + eﬂm mAZm (gma é‘m))
is for case 1:
1€V det (Agy (1, £), ., 37 Agy(h, ©) + BA2n (8, 0),
Asm(hY,E1), o 907 A (T, €1 + BT As (g7, ¢ 1)
where

Hl<i<]<m(a)’"+j — Opyi) (@ — ;)
(1 (m — 12

cl = s ,3 = Zbi’ IBT = (_1)m—1§.*2m—2ﬂ*.
i=1
For case 2:

™"V det (Ag (h, §), 8 Ag (R, §). .., 07" > Ay (R ),

07" Agn(h, ©) + BAsn(g, 0) — B Ar (g1 /0, ),
where
[Ti<icj<com(@j — @)

= am = )
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_1ym—1
Proof. For case 1, Qib} = 6'”‘1%;*2’"‘219;‘ [T, (@nsi — @psj) + 0(e" ") where we

define £/ —¢1 = €@y Leth! == (—1)y"1¢*2m=2p¥ gt =Y bl bylemma 1, we obtained
the result. B
m—1

For case 2, i = gy [1.2:(6 =) Ty (6= ¢))s then @ = — 55557 T s (@i —
O ) [ 1= (@nsj — @; ;)¢ 42 Extracting A from each of the last m columns, we obtain the
result by using 2m in lemma 1. O

Suppose F; and G; are p pairs of eigenfunctions of D-NLSSCS’ Lax pair with simple
eigenvalue ;. H; = F; + a;(t)G;. Let f;, g; be g pairs of eigenfunctions of case 1
with eigenvalue &;. Let h; = f; + g;. Denote B;(¢) to be ¢ arbitrary functions that
we shall use in the following. Let fj, g be r pairs of eigenfunctions with eigenvalue
wi such that h; = f; + g; satisfies case 2. Let Bi(t) be r arbitrary functions. Let
m = (my,...,mgy;ny,...,n) be an array denoting the multiplicities of cases 1 and 2.
Define jm| := }9_, m; + 1> ki nk. p+Im| = L. To be convenient, we define the following
determinants:

A*[p.m] = det (Ay(Hy., ¢1). ... Au(H,. ). Au(H{, ). ... Au(H], &),
Ay (hy, &), 0, An(hy, &), ..., 3;‘71A21(h1, &)+ B1Axy(g1, 1),
A (h}. &), g Au (] &]). ... 0" A (h), E]) + B Au(g). &),

A (hg ,Eq),354A21(hq,5q),---,3.;1:"71Az/(h 2 Eq) + By Au(8q.5q),

AZl(hT 5)’ STAZl(hIpqu)v-wa;qﬂ (hT §)+,3'A21(gq,$ )

Agi(h1, @1), 3o, Ay (hy, @), ..., 90" Ay (hy, 1) + BrAu (G, w1)
oy "2 BT Au (31 /M, @),

Agi(hy, @), 0, Agi (hy, 0,), .. 02" Ay (B, @) + Br A3y, ©r)

_w;4nr+2B';<A21 (gi/)"r’ (Ur))
And B*[p,m], ..., E¥[p, m] are defined similarly by replacing letter A with B, ..., E. Let
X*[p, ml(y) = det (Xo1 (¥, 2),

Xop 1 (Hy, 81)s ooy Xoe1 (Hy, 8p), X21+1(Hj, CIT), ces X21+1(H;, C;),

Xopei(hy, &), 0g, X1 (B, 61D, .o 8;’:1_1X21+](h1, &) + Bi1 Xy (g1, 61),

X21+1(h¥, «‘Ef), 3§;X21+1(h{, Sf) e 3;':1_1X21+1(h1, ED + ,31TX21+1(8L ED,
1

mg—1
Xoir1(hg, &), 05, Xoie1(hg. §g). oo 0" Xorwi (g, &) + By Xo111(84- &¢)

o1 ,
Xors1 (hh, €)), 0 X (R). 8))., - 3;3' X1 (Rl ) + B X1 (g), €)).
Xo1 (1, ©1), 3, Xor1 (B, 1), o 00 Xopr (hy, 1) + B1 X (81, 1)

—w; B X141 (31 /01, @1),

X1 (hyy @), 3, Xape1 (hyy @), - . - 33):"_1X2/+1 (hy, ©r) + Br X141 (&r, @)

—w; B X (E’I/)m w))
Y*[p, m](¥) is defined similarly by replacing the letter X by Y.
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Then reduced GMDT 1 for D-NLSSCS is defined as following

Bj[p,m](l) Ct[p,m](l)

Ol = = e m® ~ A, mp 24
_(Xlpoml(y)  Yip.ml(y)\' .
T
o (wvipomi(ke ") xip mi(ke ")\
dilp,ml = & - ( Ef[p,m] o Ef[p, m] ' (&)
_(XFlp.mI(Fy) &YFlp.mI(F)\"
I)0N+S[pa m] - < Au[p, m] ) Aﬁ[p, m] ) ’ 1 g N g pa (24d)
T
_ Bysdlogas (&Y[p,mI(Gy)  X'[p.m](Gy)\"
O T Gs)m( Eilp,m] ' Efp,m] ) ’ (240
_(Xlp.ml(f) &YiIp.ml(f))
Ynspes[p, m] = < Af[p, m] ) Af[p, m] ) ) I1<s<gq, (241)
PNspeslp,m] = — EnepssBs (&YFlp.ml(g)  XF[p, m](gy) o (24g)
Neres P = T et(fy, g0\ Eflp,ml | Ef[p,m] §
(X p.ml(f) o, Y'[p.mI(f)\"
1/fN+P+q+S[p1 m] — < At[p, m] 5 Aﬁ[p, m] ) 5 1 < N < r, (24h)
0] [p.m] = — E1V+17+q+s/§s CUst[Pv m](gs) _Xt[P» m](gs) o (241)
N+p+q+sLD> = det(fs, g’s)(l) Et[p, m] s Eﬁ[p, m] s

where the coefficients
b

O @@ - T @ - @) T (@ - o)™
‘ <

4-2[72/(;2_ 51‘2)
[T (@-)@—-¢) T (@-e)"(@-e)" I (@2-e?)™

1<j#s<p 1<j<q 1<j<r

21_m5§21_1715_1/(§2 _ sz)m:
[T @E-e)E-¢) T E-)"E-67)" 1 (82-w)™em -1

1<j<p 1<j#5<q 1< jAs<r

EN+p+q+s =
2172'15 c()3172nx —1

(@ =)@ —¢) 1 (@-&)"(@2—R)" I (02— @~ 1!

1<j<p 1<j#s<q 1<j#s<r
The new sources Vyis[p, m], ¢n+s[p, m] correspond to zy. = ¢ for s = 1,..., p,
UN+p+s[Ps M), Pyiprs[p, m] correspond 0 Zyspss = & fors = 1,..., ¢, Ynipiges[p, m],

ON+prg+sLp, m] correspond t0 2y piges = s fors =1,...,r,
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5.4. Reduced GMDT 1 for D-mKdVSCS

The degenerate pattern in this case is simpler than the former case. For simplicity, let
fi = f(&).g; = g(&;) be independent eigenfunctions for D-mKdVSCS’ Lax pair with
eigenvalue ¢; = ¢ + ew;. fji = ij,g§ =Jg;. Leth=f +g,ht = f++ gt. Then there is
only one converge pattern.

e For ¢ # =41,k and h are linearly independent, in this case we can define Q; :=

W, hj = fj+e%Pig; then {h;,¢;} and {h%, ¢}} fall into two different groups

when € — 0.

We have the following lemma (for e.g. we use Ay, (h, ¢)).

Lemma 3. The leading term of determinant
det (Ao (1. ¢1) + € Az (81, £0). -y Ao (s S) + €% Ay (s T
A (f1561) + M7 Mg (81, 61)s s Aan (Fs 1) + €™ As (g0 €1))
is
3" "D det (Agw (h, 0), .., 90 Agu (B, £) + BA2 (8. 0),

AZm(hiv gi)v LR 82’1*1A2m(h1’ gi) + IBiAZm(gii ;i))

i< @ =) (@ — ) " _ _
where ¢y = =SS B = 30 by, Bi= (= 1) 1gm-2g.

—1 m—1 _ _
((mll)! ;m=2p; [T, (@msi — @nsj) +0(™ 1) where we

define ¢} — ' = €wpui. Let b := (—1)"'¢2"=2p; BT = Y™ b by lemma 1, we have the
result for this case. O

Proof. For in this case, ;b; = ¢!

Suppose F; and G; are p pairs of eigenfunctions of D-mKdVSCS’ Lax pair with simple
eigenvalue ¢;. H; := F; + «;(t)G; are linear combinations with arbitrary functions «; (¢). Let
fi, & be g pairs of eigenfunctions with eigenvalue §; # £1. Define h; = f; +g;. B;(t) are
q arbitrary functions that we shall use in the following. Let m = (my, ..., my) be an array
denoting the multiplicities. Define jm| := Z(;:l m, then it is easy to see p + [m| = [. We
define the following determinants:

A’[p,m] = det (Ay(Hy, 1), ..., Au(H,. ¢p), Au(H{ £f). ... Au(HE £},
Aoi(hy, &), 0g, Ay (hy, &), ..., 3;“_11421(}11, &)+ Bi1Ay (g1, &),
Ao (hi. &), Oy An (k. €)1  Au (] &) + B Au(gi. &)

Agi(hy, &), 05, Aai(hy, §)s . - 3;jq_lA21(hq7 &)+ ByAu(gy. &),
A (. 85). 9 ARy &) 3 Au (R £7) + By Au (8] 50). )
and Bb[p, mj,..., E"[p, m] are defined similarly by replacing letter A with B, ..., E. Let
X'[p, ml(y) = det (Xo1 (¥, 2),
Xor1(Hy, 1) -5 Xopw1 (Hp, §p), Xorn (Hli, Cli), e X21+1(H,i,, C,i,),
Xor1(hi, §1), 05, Xope1 (1, 61), ., 3;?1_1X21+1(h1, &) + BiXys1(g1, 61),

X21+1(hﬁ, 511), 3511X21+1(h{, %“11), s 8;:;'71)(21+1 (h%, 511) + ,311X21+1(gf’ 511),
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-1
Xor1(hy, §)s 0g, Xo141(hgs §g)s - - - agq Xor1(hg, &) + By X2141(84: &),

Xor+1 (hq,s ) 51X21+1(h[,7§ )sooes ng_lem(hfi, 5;) +,3§X21+1(g31, fj),)

Y[ p, m](y) is defined similarly by replacing the letter X by Y.
Then reduced GMDT 1 for D-mKdVSCS is defined as following

B’[p, m]"V C’[p, m]"V

Qlp,m] = _Ab[p, ] - Tl .m0 (25a)
X[ b T
P»m](l/fi Y [pvm](l/fl) .
I/Il[pv m] ( Ab p’ s Zi Ab[p, m] ) 5 1 < 1 < Nv (25b)
T
_(zY'[p.m K¢>< D xp,mi(ke ")
¢l[p3 m] g ( Eb[p’ s T Eb[p’m] (25C)
X"[p, m](F) ¢ Y’[p, m](Fy)
Yneslp.m ( Aoml Ao ) . I<s<p (25d)
T
_ Bywdloga, (&Y'[p.ml(G,)  X’[p.m]l(Gp\"
¢N+S[pa m] = _det(Fv, GY)(I) ( Eb[p, m] s T Eb[p, m] ) (256)
_(Xlp.mI(f) &Y[p.mI(f)
1/fN+p+s[ps m] — ( Ab[p, m] 5 Ab[p, m] ) ) l < N < q, (zsf)
. T
_ EByipwBs (&Y'[p,mi(s,) _Xb[p,m](ga)“)
Prvpsslpml = det(fs,gx)“)( E’lp,m] ' E’[p.m] ’ 23)
where
22
o H1<s<p (th - é‘32)( é‘flz) l_[1<s<q (Z - S )mf( ;- Siz)mj 7
- 22/ (e2 - &%)
SN+ = 2 2\ (2 12 2 2\ (2 2ym;’
HlSJ’#s@ (;v - g“j)(gs - fj )H1gj<q (Q - Ej) (Cx _Ej )
- glml (gl — &%) "2 /(my — D!
EN+p+s = by mj mj*
! Micjcp € = )€ = ) Ticjme, 2 —E)" (62— €))
The new sources Vnis[p, m], ¢nis[p, m] correspond to zys = ¢ for s = 1,..., p,
Ynapes P, M1, dnipes[p, m] correspond to zyypes =& fors =1,...,¢

6. Solutions to ALFNFSCS, D-NLSSCS and D-mKdVSCS

The MDT and (reduced) GMDT techniques enable us to construct many types of solutions to
ALFNFSCS, D-NLSSCS and D-mKdVSCS. Starting from trivial solutions of these systems,
by choosing specific solutions to the Lax pairs and specific p, m, we can construct multi-
soliton solutions (both with vanishing or non-vanishing boundary condition), (multi)-positon,
(multi)-negaton etc.
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6.1. Solutions obtained by non-degenerate MDT of types I and 2

We start from a trivial solution Q = R = 0 with N = 0 (without source), which is a common
solution for ALFNFSCS, D-NLSSCS and D-mKdVSCS. The Lax pair (12) becomes

YV = diag(z, 27, ¥ = diag(8(z), =)V, (26)
where
72 (ALFNFSCS)
8(2) = 1i(1 =3 +z79) (D — NLSSCS) (27)
L2+ (D — mKdVSCS).

8(z) 1s called dispersion relation in [30]. A fundamental solution to (26) is

n L0t 0
qf:(f,g):(Zg - _M).

z "€
Suppose ¢; € C,i = 1,...,2[ are eigenvalues, «;(t) are 2/ arbitrary smooth functions. Let
Fi = f(&), Gi == g(&).
H = F +0,G; = (¢ 6y e )T, (28)

Then by using MDT 1 (18a)—(18¢) or equivalently by using GMDT 1 (21a)—-(21f) with
p = 2I, taking the ALFNF dispersion relation, the /-soliton solution for ALFNF with <2/
sources (depending on choices of o (7)) can be constructed.

The more important cases are multi-soliton solutions to D-NLSSCS and D-mKdVSCS.

6.1.1. Multi-soliton solutions to D-NLSSCS and its interactions. Suppose ¢; € C,i =
I,...,laredistincteigenvaluesin {z € C||z| < 1}. By letting§; := 8(&;) = i(1—1(¢?+¢7?))
in (28), using (24a)—(24¢) with p = [ we get the /-soliton solution.
For ¢ = —1, the 1-soliton with two self-consistent sources is
Q[1] = —e!™Z*29) ginh(2 Re k) sech(Re Z),
Yi[1] = (e MZ=X+7 o ImZ+ XN T Ginh (2 Re k) sech(Re(Z — 2k)),

o] = %(eX+K7t7iIm(Z+2K)’ _67X7K+i1m(z+2K))T sech(Re(Z + 2«)),

vall] = yi[1]', $l1] = —¢i[1]".
where we recall the notation v, [1]" := Jy[1]*. The symbols k = log(¢y), T = log(a;), X =
nk+6i1t,Z =2X+k — 1.
If set t = 2Re §;¢, then Re Z does not depend on ¢. Thus we got a non-travelling bounded
solution with periodically changing of its amplitude, we call this a breather type solution.
For ¢ = 1, the 1-soliton with two self-consistent sources:

O[1] = &'mZ*29) ginh(2 Re k) csch(Re Z),
Yi[1] = (—e'm&=X41 o =iImZH T ginh(2 Re k) csch(Re(Z — 2«)),

$il1] = g(eX+K—t—iIm(Z+2/<)’ e—X—K+iIm(Z+2/<))T csch(Re(Z + 2k)),
Wal1] = (117, ¢l 1] = —¢[1]'.

This is a solution with singularities depending on zeros of Re Z.
For p =, we got the /-soliton solution where the potential

-1 5
Zlgi1<~~<il,1§21 bi,..i,_, exp (_Zj:l Zij)
Z ~ 9
D iiy iy Gir i XD (=20 Zi))

ol = - (29)
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where if we set j; < --- < Ji« are indexes such that {ji,..., jix} = {I,...,2l} —
{l'l,...,i[,k}. Then

Biiy = (DZACD DY GGV, ien T8

iy = (DZH R DY (V).

- Ln i=2m—1 ~ Zn  i=2m—1 . s
= 7. = i) = 7

S {;,L i =2m, i —Z5 i=2m, Vi, .oy in) = det(E7 )

km = 10g(&n), T = log oy, Zy := Cn + Dy + 26,1 — T,
For ¢ = —1, we can analyse the interactions of solitons in (29). For convenience, we
assume |7;| < oo as |[t| — 00, and 0 < Re§; < Redr < --- < Red;. Then fori < j

ReZ; —Re Z; = (1 +2n)Re(x; — «;) — Re(r; — 1;) + 2Re(§; — §))t,

which implies Re Z; — Re Z; — 00 as t — doo. Thus it is easy to see if we fix Z;

ol ~ — by 4. 2k—2,2k+1,2k43,....21—1
2.4, 22 2k—1 2kt12—1 €XP(—Zog—1) + 2.4, 2k—2.2k 2k1,... 2—1 €XP(—Zok)
= B, exp(ilm Z;) sech(Re Z; — log|o | —iarge, ) (t — —00),
ol ~ — b3, 2k—3,2k+2,2k44,...2]
a13,...2k—3,2k—1,2k+2-,21 €XP(—Zog—1) + Q1.3,... 2k—3,2k,2k+2,...,21 EXP(—Z2k)
= B exp(ilm Z;) sech(Re Z; + log || +iarg o) (t = +00).
where
k-1 12 I R
N 3 5 2 zk—cz)(tk - ;) 2 | @7 =) =80
B =(=D HC 2 2 H 5 2y
o N @ = =) 2 N (G =) )
k-1 2 ! )
- [EE=e) f G
= .
J=1 )({k—§ =kt § —é’ )(§ - &)
And of = /o, B} = 4ﬂ7 G =g? ) f*z . (*2 Then the profile has its centre shifted

by ) log |or |+iarg(a; )

Tog1e! , amplitude enlarged by | ﬁ | the phase shifted by arg ,8,:' —arg B .

6.1.2. Multi-soliton solutions to D-mKdVSCS and its interactions. Suppose §; € R, |¢i] < 1
are [ distinct eigenvalues. By letting §; := §(¢;) = 1(¢7 — %) in (28), using (25a)~(25¢)
with p = [, we get [-soliton solution. For ¢ = —1, 1-soliton with 2 self-consistent sources is

Q[1] = —sinh(2«) sech(Z),
Yi[1] = (7%, eX)T sinh(2k) sech(Z — 2«),

o] = %(e“*f, —e X7 sech(Z + 2«),
Yol1] = Y [11, ¢a[11 = ¢ [17F,

where we recall [1]" := Jy[1]. For ¢ = 1, solution with two self-consistent sources is
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Q[1] = sinh(2«) csch(Z),
Ui[1] = (—e X, e*)7 sinh(2«) csch(Z — 2k),

d1[1] = %(e’”"_f, e X7 csch(Z + 2k),

Wal1] = Y [171, b2l 1] = pi[11

For [-soliton, analogue to the previous section, we can give the explicit formulae and
analyse the interactions of soliton. Here if we assume ¢; € (0, 1), distinct and 7; are bounded
functions for all fand 0 < §; < --- < &, fix Zk, then the profile has its centre shifted by

210gak
TS ogx

and the amplitude enlarged by the scale £ where

o ’ﬁ i = ¢ )(cﬁ—z}z) li[ (§f2—552)(£f—€13)

a _— —i- b
‘ J=1 )(C C,p) j=k+1 (4';2 - 9«2)(;]2 - ngz)
b s loge )’ﬁgﬁ (- )&’ -2 li[ . (" =) =)
= (= k i 1 j !
‘ et N @ =56 =) 2 N @ =) )

Andof = 1/ay, Bt = sinh®(2log &)/ By -

6.1.3. Solitons with non-vanishing boundary conditions for ALFNFSCS. MDT 2 can be
used to construct solitons with non-vanishing boundary conditions. For example, if we start
with a nonzero solution to (13), say Q = ¢ U=t R = pe=21=4"" N = 0 (q and r are
constants). Then Lax pair for ALFNFSCS becomes

2(1—qr)t 2 _ 2 2 2(1—qr)t
Z qe z qr zq¢e
a1 —
v = <r o—2(1—qn) 1/2 ) v, Y, = (2zr e—2(1—gr 2 ) . (30)
The fundamental solution to (30) is

(K+ _ Z_l)K:_l e~ xit qu e—)(21+6t
=(f.9)= (

rich e =t (k_ — )k e %!

forice = 20 £ JEZ D 4 gr § =2(1 — qr), x1 = —2% + 22K — 8, o = 2° — 22k +2.
Bytaking z = ¢, h = f +a(t)g for a(r) = exp(—iIm(x; — x2)t), using l-iteration of MDT
2 (20a), (20b), (20e), (20 f), we get the 1-soliton with non-vanishing boundary condition with
one source for the ALFNFSCS.

=l AeZ
1 — 1_ B St K_—§~ ,
Q=0 —-«k-0)ge [T Az
1, 1+Be?
R[1]= —Ae ¥ ———
e 1+Ae?

1 (1 e\ iy + 7kl — )k et
vl = g 1+AeZ ’
. 2 L xot
e b kel
1] = E(q e ", =¢) T3 AeZ’

whereA—"*q{] B = = (n+1)log = + (o — x1 — 8t — loga.
The 2-soliton solutlon is constructed quite analogously by taking two different eigenvalue
¢1 and &,. We omitted it.
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Although the MDT 2 is effective in construct solutions with nonzero boundary to the
ALFNFSCS and also the other non-reduced equations in the ALHSCS, the question whether
MDT 2 can be reduced to Darboux transformations for D-NLSSCS, D-mKdVSCS or not
remains open.

6.2. Solutions obtained by degenerate MDT I—positons, negatons and pole solutions

With the aid of (reduced) GMDT 1, we can construct many types of degenerate solutions
of ALENFSCS, D-NLSSCS and D-mKdVSCS. Since the GMDT 1 for ALFNFSCS is much
simpler than the reduced GMDT 1 for D-NLSSCS and D-mKdVSCS, we restrict our discussion
on solutions of D-NLSSCS and D-mKdVSCS.

6.2.1. D-NLSSCS case. Hereafter we will start with trivial solution Q = R = 0. We recall
that the Lax pair for D-NLSSCS with a trivial solution is (26) with the dispersion relation,
which can be found in (27).

Suppose £ € {|z| > 1} is an eigenvalue, &' is another eigenvalue. We set multiplicities
of £and ' bym = (2,2;). Leth = f+g = (£"e”,£"e™%), then h! = Jh* is an
eigenfunction corresponding to £7. Let B(t) be arbitrary functions of z, then by (24a), (24 f)
and (24g), we find the following solutions

27+i50 Re Wcosh® Z + (iIm W — 2 coth(2«)) sinh® Z

Q0. (2. 2)] =4ee 4 sinh™2(2k)(sinh® (Z2))? — &|W |

)

e %™ + g sinh(2k)(W* — coth(2c) — 1) e~ o 120
4sinh~2(2«)(sinh® (Z — 2k))2 — e|W — 2|2

£ sinh(26)(W* + coth(2ic) — 1) e — e~ .,
4 sinh=2(2«)(sinh® (Z — 2k))2 — ¢|W — 2|2

g sinh(2x) e 2~ (W* + 1 — coth(2k)) — e?** 1o
B 4(sinh® (Z + 2kc))2 — e|W + 2|2 sinh? (2«
0, (2,2)) = —£ | e ZH 20T el W 2t @)
2 K sinh(2k)(W* +1 — coth(2x)) e“™ +e =2 [ 14if

4(sinh®(Z + 2k))? — e|W + 2|2 sinh?(2«)
¥al0, (2,2;)] = ¥4[0, (2)]' $210, (2;)1 = —1[0, (25)]1',

where W = 2n+1 —2i(2 —£72) —£B,Z = 2n+ Dk +2Redt, I = in6 +iImdt, k =
log [¢,0 = arg&, and

¥1l0,(2,2;)] =4

)

cosh(z) for e=1
sinh(z) for &= —1.

sinh(z) for =1
cosh(z) for &= -1,

sinh®(z) := { cosh®(z) := {
Itis easy to see if ¢ = 1 then Q[O0, (2, 2; )] is a function decreasing exponentially as |n| — oo.
The singularities of which appear at zeros of 4 sinh®(Z)? — sinh®(2«)|W|?>. We call such a
solution the negaton solution for D-NLSSCS equation. While if ¢ = —1 then QJO0, (2,2;)]
is also exponentially decreasing when |n| — oo. However in this case the denominator of
010, (2, 2; )] is always positive, so in this case the solution has no singularities. We call this
solution a pole solution for D-NLSSCS equation.

Next we assume ¢ = 1. Let w; € {|z] = 1} for i = 1,2 be two eigenvalues. The
degeneracies for these eigenvalue are m = (; 2,2). The corresponding eigenfunction are

= PN & . . . 5 L
h; = (a)l" el " e ) . The corresponding arbitrary functions are ;. For simplicity, we
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assume B, € R, > = 0. By (24a), (24h) and (24i), we find the following solution
210. (:2.2)]
_ ooy €7 W2 = 2icot(®; — )] +e2[W) — 28, cos 6, — 2icot(6y — 62)]
4sin=2(0) — 6,) sin?(3(Z1 — Z»)) — (W; — 2 cos ;) W>

ei(Z2=02) 4l Z1=0D [ (W, —1) sin(6, —92)—C0~s((9| —6,)] ei(01+92)—%(21 —6))
45in?(1(Z)—2Z2) D) sin=2(0;—02)— (W~ " =28 cos 6,) Wy~ "

[i (Ws—1) sin(0) —6y) +eos(6y —6)] e 71700 —e 172700 1 (Z,-61)—i (61+6)
4sin2(1(Z,—22) D) sin=2(0;—02)— (W, " =2 cos o) W5 "

vil0,(:2,2)] =4

L TR 4 {(Wot) sin(0r—01)i—cos(01 =0)] e 10D 5 (Zy—61)—i (61 —62)

B 4sin2 (1 (Z,—22) M) —sin? (0, —62) (W, —2B cos o) W3

2\ RO (W) sin 0 —0)i —cos(ty —02)] €710 L (Z,—01)+i (36,+62)
4sin2(L(Z,—Z2) D) —sin2 (0, —62) (W} ~28; cos ) W"

#100, 2,2)] = —

¥al0, (;2,2)] = Y10, ; 2, 2], $210, ; 2,2)] = =110, (; 2,2)]',

where 6, = argw;, Z; = (2n + 1)0; + 4sin*6;t, W; = 2n + 1 + 4sin(20,))r. It is
not hard to see that |QJO0, (;2,2)]| decays to O in a speed O(|n]) as |n|] — oco. It
oscillates since there are the term e'%/ for j = 1,2. Tt has singularities at zeros of
4sin®(3(Zy — Z»)) — sin®(0; — 6,)(W; — 2, cos ;) W,. For such reason, we call this a
positon solution to the D-NLSSCS.

6.2.2. D-mKdVSCS case. We recall that the Lax pair for D-mKdVSCS with a trivial solution
is (26) with the dispersion relation, which can be found in (27).

Suppose & > 1 is a real eigenvalue, &% := £~! is another eigenvalue. We set the
multiplicities of & and & t by m = (2,2;). Then analogous to the D-NLSSCS case, let
h=f+g=(&"e" &"e )7 hiisan eigenfunction corresponding to £ !, B, is arbitrary
functions of ¢, then by (25a), (25 f) and (25¢g), we find the following solutions
(W + 1) cosh®(Z + k) — 2 coth(2k) sinh®(Z + k)

4(sinh®(Z + k))? sinh 2 (2x) — e(W + 1)2
e~ Z + esinh(2«) (W — coth(2k)) e? _zp
4(sinh®(Z — k))?sinh 2 (2k) — e(W — 1)2 ¢
e? — gsinh(2k)(W + coth(2x)) e =% zn
_4(sinh8(Z — k))2sinh 2 (2k) — e(W — 1)2 ¢
eZ*% — gsinh(2k) (W + 2 + coth(2k)) e =272 o222
5110, (2.2)] = P 4(sinh® (Z + 3k))? — & sinh? 2k ) (W + 3)?
2 | e %% 4 esinh(2k) (W + 2 — coth(2k)) e%*%¢ _zn
4(sinh® (Z + 3k))? — & sinh? 2k ) (W + 3)2 ¢

V[0, (2,2)] = ¥ [0, (2, 2), $:10, (2,2)] = =110, (2, 2)1F,

where k = logé&, Z = 2nk + 2sinh(2x)t, W = 2n + 4 cosh(2k)t — €“ ;.

It is easy to see if ¢ = 1 then Q[O0, (2, 2)] is a function fast decay and possess singularity
(determined by zeros of 4 sinh®(Z + ©)? sinh_2(2/c) — &(W + 1)?). We call such a solution
the negaton solution for D-mKdVSCS equation. While if ¢ = —1 then Q[O0, (2, 2)] is also
exponentially decreasing when |[n| — oo. However in this case the denominator of Q[0, (2, 2)]
is always positive, so the solution has no singularities. We call this solution a pole solution
for the D-mKdVSCS equation.

010, (2,2)] = 4e

v1l0, (2,2)] =4
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Now suppose w € {|z| = 1} is an eigenvalue, ' is another eigenvalue, the multiplicities of
w and o' are indicated bym = (2, 2). Then analogous to the D-NLSSCS case, leth = f+g =
("%, ™ e™%), h is an eigenfunction corresponding to w™!, B; = a(t)/w, Br = —wa(t)
where a(t) is arbitrary functions of #. Then by (25a), (25 f) and (25g), we find the following
solutions

010, 2.2)] = 4¢E(2W +1—a)cos®(2Z +60) — 2cot(20) sin®(2Z + 0)

4sin—2(20) sin2(2Z +0) — QW + 1 — a)?
e 27 + £isin(20)2W — a +icot(20)) e¥Z .,
Asin2(2Z — 0) sin2(20) — W — 1 —a)? ©
€isin(20)2W —a —icot(20)) e 3% — e}z .,
4sin2(2Z — 0)sin2(20) — QW — 1 —a)? ©
eHZHH0 _ ¢isin(20) e HZ7H QW +2 — a — icot(20)) Si7H0
ea 4sin2(2Z +30) sin2(20) — QW +3 — a)2
25in%(20) e 20717 4 £isin(20)(2W +2 — a +icot(20)) e 420
4sine2(2Z + 30) sin2(20) — QW +3 — a)?
[0, (2,2)] = ¥1[0, (2, 2)1", $2[0, (2,2)] = —¢1[0, (2, 2)1",
where 0 = argw, Z = nf +sin(20)t, W = n + 2 cos(20)t,

)

¥1l0, (2,2)] = 4e

$110, (2,2)]=—

s

sinf (z) 1= sin(z) for e=1 cos® (2) = cos(z) for e=1
= cos(z) for ¢ =—1, = sin(z) for &——1.

They are slowly decaying, oscillating and singular solutions. We call it positons for D-
mKdVSCS.

7. Conclusions and problems

In this paper, a systematic study of Darboux transformations and their applications to ALESCSs
and reduced systems have been given. It turns out that ‘modified’ Darboux transformations,
which differ from original DT by permitting linear combinations of eigenfunction up to
arbitrary functions of #, are more straightforward than binary DT with arbitrary functions of ¢,
for the construction of explicit solutions to SESCSs. The ‘variation of constant’ is important
both in MDT and binary DT to solve equations with sources. It turns out such an idea is also
important in constructing new SESCSs. In paper [28], where Hu and his coworkers varied
coefficients in Grammian-type solutions by arbitrary functions of # to construct bilinear forms
of SESCSs.

This paper also deals with the construction of various types of solutions and discussed
primarily some analytic properties for this solutions. Confidently solutions of combined type
such as soliton—positon, soliton—negaton and positon—negaton and even higher order positons
and negatons can be constructed through GMDT 1 by suitable choosing of m and specific
eigenvalues. However, these topics are not included in our present paper. And the dark solitons
for D-NLSSCS and D-mKdVSCS, which are also very important topics, are not investigated
too. It can also be a question whether the MDT 2 and 3 can be applied to reduced systems of
ALESCS or not. We hope we can discuss these problems in the future.
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